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A NOTE ON THE POLYNOMIAL BOHNENBLUST–HILLE INEQUALITY
D. NUN˜EZ-ALARCO´N*
Abstract. Recently, in paper published in the Annals of Mathematics, it was shown that the Bohnenblust–
Hille inequality for (complex) homogeneous polynomials is hypercontractive. However, and to the best of our
knowledge, there is no result providing (nontrivial) lower bounds for the optimal constants for n-homogeneous
polynomials (n > 2). In this short note we provide lower bounds for these famous constants.
1. Introduction
The Bohnenblust–Hille inequality for complex homogeneous polynomials ([1], 1931) asserts that there is a
function D : N→ [1,∞) such that for every m-homogeneous polynomial P on CN , the ℓ 2m
m+1
-norm of the set
of coefficients of P is bounded above by D(m) times the supremum norm of P on the unit polydisc. In([2],
2011) it was proved that
(1) D(m) ≤
(
1 +
1
m
)m−1√
m
(√
2
)m−1
which yields the hypercontractivity of the inequality.
The last few years experienced the rising of several works dedicated to estimating the Bohnenblust–Hille
constants ([2, 3, 4, 6, 7]) and also unexpected connections with Quantum Information Theory appeared (see,
e.g., [5]). There are in fact four cases to be investigated: polynomial (real and complex cases) and multilinear
(real and complex cases). We can summarize in a sentence the main information from the recent preprints:
the Bohnenblust–Hille constants are, in general, extraordinarily smaller than the first estimates predicted.
For example, now it is known that the Bohnenblust–Hille constants for the multilinear case behave in a
subpolynomial way. In view of this, the investigation of lower bounds for the Bohnenblust–Hille constants
seems to be an important task. The existing results for multilinear mappings and real scalars are highly
nontrivial. For instance, in [4] it is shown that for multilinear mappings and real scalars one has that
C(m) ≥ 21− 1m
and it is still open whether these estimates are sharp or not. Thus, the possibility of the boundedness of the
multilinear Bohnenblust–Hille constants is open. In this short note we shall show that, if m ≥ 2, then
D(m) ≥ (2 + 2
m)
m+1
2m
√
4 + 2m+1
.
2. The result
To the best of our knowledge, the only nontrivial lower bound for the constants of the (complex) polynomial
Bohnenblust–Hille inequality is
D(2) ≥ 1.1066,
proved in [6]. The lack of known estimates for the norms of complex polynomials of higher degrees was a
barrier to obtain nontrivial lower estimates for D (m) with m > 2. Our result provides nontrivial constants:
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Theorem 2.1. For every m ≥ 2,
D(m) ≥ (2 + 2
m)
m+1
2m
√
4 + 2m+1
> 1.
Proof. Let P2 : ℓ
2
∞
→ C be a 2-homogeneous polynomial given by
P2(z1, z2) = az
2
1 + bz
2
2 + cz1z2.
with a, b, c ∈ R and ab < 0 and |c(a+ b)| ≤ 4|ab|. From [6] we know that
‖P2‖ = (|a|+ |b|)
√
1 +
c2
4|ab| .
For each m, consider
Pm(z) = z3 . . . zmP2(z1, z2).
By choosing a = −b = 1, the ℓ 2m
m+1
norm of the coefficients of Pm is(
m+1
√
a2m +
m+1
√
b2m +
m+1
√
c2m
)m+1
2m
=
(
2 +
m+1
√
c2m
)m+1
2m
and
‖Pm‖ = ‖P2‖ = (|a|+ |b|)
√
1 +
c2
4 |ab| =
√
4 + c2.
Thus, we obtain
D(m) ≥ fm(x)
for all real numbers x, with
fm(x) =
(
2 +
m+1
√
x2m
) (m+1)
2m
.
(√
4 + x2
)
−1
.
By solving f ′m(x) = 0 we conclude that x = 2
m+1
2 is a point where the maximum is achieved. Thus
D(m) ≥ fm(2
m+1
2 ) = (2 + 2m)
m+1
2m .
(√
4 + 2m+1
)
−1
.
A straightforward calculation shows that the last expression is always strictly greater than 1. 
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